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A NOTE ON ASYMPTOTICALLY MONOTONE BASIC SEQUENCES
AND WELL-SEPARATED SETS
C. S. BARROSO∗
Abstract. We remark that if X is an infinite dimensional Banach space then every
seminormalized weakly null sequence inX has an asymptotic monotone basic subsequence.
We also observe that if X contains an isomorphic copy of ℓ1, then for every ε > 0 there
exist a (1 + ε)-equivalent norm |||·||| on X such that the unit sphere (S(X,|||·|||)) contains a
normalized bimonotone basic sequences which is symmetrically 2-separated.
1. Introduction
It is an open problem to know whether every infinite dimensional Banach space contains
a monotone basic sequence (see [Si3, Problem 1.1, p. 60], [FHHMZ, p. 220] and [HSVZ,
p. 6]). A sequence (xn) in a Banach space X is called a basic sequence if it is a Schauder
basis for its closed linear span, denoted by [(xn)]. Recall also that the partial sums as-
sociated to a basic sequence (xn) is the sequence of projections (Pn) on [(xn)] defined by
Pn :
∑∞
i=1 aixi 7→
∑n
i=1 aixi. One can prove using standard arguments in Banach space
theory that supn ‖Pn‖ <∞. This number is referred in the literature as the basic constant
of (xn). In [Pel] Pełczyński proved that for every ε ∈ (0, 1), every normalized weakly null
sequence in X has a basic subsequence with basic constant 1+ ε. This result is also known
as Bessaga-Pełczyński’s selection principle, after [BP] (see also, e.g., [AK, p. 14]). A basic
sequence (xn) is called monotone if ‖Pn‖ = 1 for all n ∈ N. A bimonotone basic sequence
is a monotone basic sequence so that the norm of all tail projections is exactly 1; that
is, ‖I − Pn‖ = 1 for all n ∈ N. Let us recall yet that (xn) is said to be asymptotically
monotone if ‖Pn‖ → 1. This slightly weaker concept of monotonicity was introduced by
V. D. Milman [M] (see also [Day, p. 93]). Naturally, one may also consider asymptotic
bimonotonicity (i.e. limn ‖I − Pn‖ = limn ‖Pn‖ = 1).
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Monotone basic sequences are of course asymptotically monotone, the former though
being overall more hard to detect than the latter. In fact, a few important works have
done regarding the existence of basic sequences with asymptotic monotonicity properties.
For instance, it is well known that every Banach space has an asymptotically monotone
basic sequence (cf. [Day], see also [Si3, Theorem 1.2, p. 49], [HSVZ, Theorem 1.20]). Very
recently, Hájek, Kania and Russo [HKR] obtained an useful refinement of the classical
Mazur technique of constructing basic sequences, leading to a block version of this fact
(see [HKR, Lemma 2.4]): every basic sequence has an asymptotically monotone block
basis. This statement seems also to have been, although implicitly, witnessed by Elton
and Odell in [EO, Remarks. (1)]. It is worthy to stress that asymptotic monotonicity
has been proven to be very useful in many geometric and analytical problems in Banach
space theory (cf. [EO, HKR, MV, Si, Si2]). For instance, in [EO, Theorem 1] Elton and
Odell used the fact that every Banach space contains an asymptotically monotone basic
sequence in concert with Ramsey combinatorial methods to show that the unit sphere of
every infinite dimensional normed space contains, for some ε > 0, a sequence (xn) such
that ‖xn − xm‖ > 1 + ε for all n 6= m.
With regarding asymptotic pre-monotonicity, it was open as to whether one could also
obtain in every Banach space an asymptotically pre-monotone basic sequence (i.e. ‖I −
Pn‖ → 1). It turns out that this is not true in general, as pointed out by Odell and
Schlumprecht in [OS, p. 1349]. Nevertheless, as a byproduct of James’s non-distortion
theorems it follows that every Banach space containing an isomorphic copy of c0, also
contains an asymptotically pre-monotone basic sequence (cf. [DLT, Theorem 8]).
A natural question to be addressed is whether a selection principle for asymptotically
monotone sequences can be obtained. In this note we remark that every seminormalized
weakly null sequence admits an asymptotically monotone basic subsequence. This result is
probably well-known to experts but we were unable to locate a reference. It is worth noting
that there is a lot of spaces containing seminormalized weakly null sequences. For example,
non-Schur Banach spaces (because of Rosenthal’s ℓ1-theorem) and infinite dimensional
reflexive Banach spaces (due to the theorem of Josefson-Nissenzweig, see e.g. [D], p. 219).
Our next goal concerns the existence of asymptotically monotone basic sequences which
are symmetrically well-separated in unit spheres of Banach spaces containing isomorphic
copies of ℓ1. This topic has been extensively dealt in several contemporary and recent
works (see [CP, K, HKR] and references therein). In Section 3, we will prove our first
result. In Section 4 we shall show the existence of symmetrically 2-separated sequences of
unit vectors of a Banach space with certain prescribed conditions related to monotonicity
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and nearly isometric renormings. In particular, we strengthen Propositions 5.1 in [HKR].
We end this note in Section 5 with some concluding remarks.
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2. Preliminaries
The notation used throughout this paper is quite standard and mostly follows [FHHMZ].
For a Banach space X we denote by BX the closed unit ball and SX its closed unit
sphere. For an infinite set N ⊂ N, [N ]k stands for the k-element subsets of N . By
[N ]ω and [N ]<ω we mean respectively the family of all infinite and finite subsets of N .
Given sets E, F ∈ [N]<ω, we shall use the notation E 6 F (resp. E < F ) to mean that
max(E) 6 min(F ) (resp. max(E) < min(F )). In particular, n 6 F means {n} 6 F .
Recall that a basic sequence (xn) in X is called seminormalized when there are constants
A,B > 0 so that A 6 ‖xn‖ 6 B for all n ∈ N. A block basis of (xn) is a sequence of the
form zn =
∑
i∈En
αni xi, where (α
n
i )i∈En ⊂ R and (En) is an increasing sequence of block of
integers, that is, En ∈ [N]<ω and En < En+1 for all n ∈ N. Every block basis of a basic
sequence is a basic sequence.
3. Asymptotic monotone basic sequences
Our first result is the following strengthening of Bessaga-Pełczyński’s selection principle.
Lemma 3.1. Let X be an infinite dimensional Banach space. Then every seminormalized
weakly null sequence in X has an asymptotically monotone basic subsequence.
Proof. The proof involves combining Bessaga-Pełczyński’s selection approach together with
a diagonal argument. Let (yi) be a seminormalized weakly null sequence in X and fix
εn ց 0 a decreasing null-sequence in (0, 1). We proceed by induction on j = 1, 2, 3, . . . .
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Define xn0i = yi for all i ∈ N. Let (xn1i ) be a (1+ ε1)-basic subsequence of (xn0i ) given by
Pełczyński’s selection principle (cf. [Pel]). Accordingly, we have n11 = 1 and∥∥∥∥∥
m∑
i=1
aixn1i
∥∥∥∥∥ 6 (1 + ε1)
∥∥∥∥∥
n∑
i=1
aixn1i
∥∥∥∥∥
for all integers m 6 n in N and for all scalars (ai)
∞
i=1 in c00 (cf. [Pel, p. 372]).
Now assume for some j > 1 that basic sequences
{
(xnki )i∈N
}j
k=1
have been already
obtained so as to satisfy the next three properties, for all k = 1, . . . , j:
• (xnki )i∈N is a subsequence of (xnk−1i )i∈N;
• nk1 = n11 if k = 1, and nk1 = n11, nk2 = n22, . . . , nkk−1 = nk−1k−1 for k > 2;
• for all scalars (ai)∞i=1 in c00, one has∥∥∥∥∥
k∑
i=1
aixnki
∥∥∥∥∥ 6 (1 + εk)
∥∥∥∥∥
n∑
i=1
aixnki
∥∥∥∥∥, ∀n > k.
Let E = span{xn11 , xn22 , . . . , xnj−1j−1 , xnjj} and take a decreasing null sequence (δi)i in (0, 1)
satisfying
∞∏
i=1
(1 + δi) < 1 + εj+1.
Clearly the sequence (x
n
j
i
)∞i=1 is seminormalized and weakly null. From the proofs in [Pel,
Proposition and lemma] we obtain an integer κ(j, 1) > j so that
‖e‖ 6 (1 + δ1)
∥∥e + tx
n
j
κ(j,1)
∥∥
for all e ∈ E and t ∈ R. Let K =∏Ni=2(1+δi). By making an iterated use of the arguments
developed in [Pel, Proposition and lemma] we obtain an increasing subsequence (nj
κ(j,i))
∞
i=1
of {nji}∞i=1 such that∥∥∥∥∥
j∑
i=1
aixnii + aj+1xnjκ(j,1)
∥∥∥∥∥ 6 K
∥∥∥∥∥
j∑
i=1
aixnii + aj+1xnjκ(j,1)
+
N∑
i=j+2
aixnj
κ(j,i)
∥∥∥∥∥
for all N > j + 2 and for all scalars (ai)
∞
i=1 ∈ c00. We then define (xnj+1i ) as follows:
x
n
j+1
i
=
{
xnii for i = 1, . . . , j
x
n
j
κ(j,i−j)
for i > j + 1.
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The induction process succeeds. The above construction provides a countable family of
basic subsequences (xnki )k,i∈N of (yn) such that∥∥∥∥∥
k∑
i=1
aixnii
∥∥∥∥∥ 6 (1 + εk)
∥∥∥∥∥
k∑
i=1
aixnii +
∞∑
i=k+1
aixnk+1i
∥∥∥∥∥
for all k ∈ N and for all (ai)∞i=1 ∈ c00.
Let us take now the diagonal sequence (xi) = (xnii). Since {nii}∞i=k+1 ⊂ {nk+1i }∞i=1 for all
k ∈ N, we can make null those scalar terms ai’s that are outside the diagonal and conclude
directly from the previous inequality that (xi) is asymptotically monotone. 
4. Symmetric 2-separated sequences
In connection with the ongoing study on the structure of well-separated subsets of the
unit sphere of a Banach space the next question seems to be reasonable:
Question 4.1. Let ε > 0. Under which conditions a Banach space X admits a (1 + ε)-
equivalent renorming ||| · ||| so that (X, ||| · |||) has a normalized asymptotically monotone
basic sequence being symmetrically 2-separated?
A subset A of a normed space is said to be symmetrically δ-separated (see [HKR]) when
‖x ± y‖ > δ for any distinct elements x, y ∈ A (δ > 0). Pioneer works along the study
of well-separated sets in the unit sphere of Banach spaces include J. Elton and E. Odell
[EO] and C. Kottman [K]. We refer the reader to [HKR] for a recent and more detailed
account about this topic. Motivation for Question 4.1 comes from the problem of finding
symmetrically (1+ ε)-separated sequences of unit vectors under renorming techniques (see
[HKR, Section 5]). In [K, Theorem 7] Kottman proved that every infinite-dimensional
Banach space admits a renorming so that the new unit sphere contains a 2-separated
sequence. In [HKR, p.13] the authors observed that Kottman’s argument yields in fact
a symmetrically 2-separated sequence of norm-one vectors. However, the norm obtained
in [HKR] is only 2-equivalent to the original one. Then, in [HKR, Proposition 5.2] they
proved for every ε > 0, that every Banach space X admits an equivalent norm ||| · |||
which is (1 + ε)-equivalent to the original norm of X and yet S(X,|||·|||) contains an infinite
symmetrically (1 + δ)-separated subset, for some δ > 0. They finally observed in [HKR,
Remark 5.3] that every separable Banach space X admits a strictly convex renorming ||| · |||
so that the unit sphere of S(X,|||·|||) contains no 2-separated sequences.
Inspired by Proposition 5.1 in [HKR] we remark the following.
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Proposition 4.2. Let X be a Banach space and Y a subspace of X. Assume that {xi; fi}∞i=1
is a biorthogonal system on Y such that, for some ε ∈ (0, 1), one has
‖xi‖ 6 1 + ε and sup
i 6=j
(|fi(y)|+ |fj(y)|) 6 (1 + ε)‖y‖
for all i ∈ N and for all y ∈ Y . Then there is a (1 + ε)-equivalent norm ||| · ||| on X such
that S(X,|||·|||) contains a symmetrically 2-separated sequence.
Proof. Indeed, to see this we first define a new norm on Y by
|y| = max
(
1
1 + ε
‖y‖, sup
i 6=j
(|fi(y)|+ |fj(y)|)
)
for y ∈ Y.
Clearly we have
1
1 + ε
‖y‖ 6 |y| 6 (1 + ε)‖y‖
for all y ∈ Y , and hence | · | is (1 + ε)-equivalent to ‖ · ‖ on Y . Moreover, notice that
|xi| = 1 and |xi ± xj | > 2 for all i, j ∈ N with i 6= j. Now, the proof of Lemma 2 in [JO]
yields an equivalent norm ||| · ||| on X satisfying |||y||| = |y| for all y ∈ Y , and
1
(1 + ε)2
‖x‖ 6 |||x||| 6 (1 + ε)‖x‖ for all x ∈ X.
It follows that S(X,|||·|||) contains a symmetrically 2-separated sequence. 
Proposition 4.2 provides a guide for finding affirmative answers for Question 4.1. It is
natural therefore to wonder which Banach spaces X have the property: for every ε > 0,
there is a biorthogonal system {xn; fn}∞n=1 in (1 + ε)B(Y ) × Y ∗, for some subspace Y of
X, so that the functionals (fn)n satisfy
sup
i 6=j
(|fi(x)|+ |fj(x)|) 6 (1 + ε)‖x‖ for all x ∈ [(xn)].
For the sake of simplicity,
Definition 4.3. We shall call such a system as (1 + ε)-biorthogonal system on X.
The next two results provide partial answers for the previous question when X contains
either isomorphic copies of ℓ1.
Proposition 4.4. Let X be a Banach space containing a subspace isomorphic to ℓ1. Then
for every ε ∈ (0, 1), X admits a (1 + ε)-biorthogonal system which generates a (1 + ε)-
equivalent norm ||| · ||| under which the sphere S(X,|||·|||) contains a bimonotone symmetrically
2-separated basic sequence.
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Proof. By James’s non-distortion theorem [J, Lemma 2.1] there is an isomorphic embedding
T : ℓ1 → X such that ‖x‖ℓ1 6 ‖Tx‖ 6 (1 + ε)‖x‖ℓ1 for all x ∈ ℓ1, where ‖ · ‖ℓ1 stands for
the usual ℓ1-norm on ℓ1. Let Y = T (ℓ1) and define a new norm on Y as follows:
|y|Y = inf{‖x‖ℓ1 + ‖y − Tx‖ : x ∈ ℓ1} for y ∈ Y.
It is not hard to verify that T : ℓ1 → (Y, | · |Y ) is an isometry. In addition to this, one has
(4.1)
1
1 + ε
‖y‖ 6 |y|Y 6 ‖y‖ for all y ∈ Y.
Let now (ei) denote the canonical basis of ℓ1 and define xi := T (ei) for i ∈ N. The fact
that T is an isometry from ℓ1 onto (Y, | · |Y ) clearly implies
(4.2)
∣∣∣∣∣
∞∑
i=1
aixi
∣∣∣∣∣
Y
=
∞∑
i=1
|ai| for all (ai)∞i=1 ∈ c00.
Hence (xi) is a normalized bimonotone basis for (Y, | · |Y ). Furthermore, denoting (fi) the
coefficient functionals of (xi) and using (4.1) in concert with (4.2) we conclude
sup
i 6=j
(|fi(y)|+ |fj(y)|) 6 |y|Y 6 ‖y‖ for y ∈ Y.
Notice that (4.1) also implies ‖xi‖ 6 (1 + ε) for all i ∈ N. Thus {xn; fn}∞n=1 defines a
(1 + ε)-biorthogonal system on X. By Proposition 4.2 the result follows. 
5. Concluding remarks
As we have pointed out in the introduction, Lemma 3.1 is probably well-known to
experts. We remark that part of our arguments concern a suitable use of [Pel, Lemma],
which can be seen as a weakly null version of the well-known Mazur’s lemma. In turn, such
a version (i.e. [Pel, Lemma]) can also be directly deduced from [AK, Lemma 1.5.1 and
Proposition 1.5.4]. We also remark that Propositions 4.4 strengthens [HKR, Proposition
5.1] for the cases when X contains ℓ1. The arguments presented in our approach were
mostly inspired by the results in [HKR].
It was remarked in [HKR, Remark 5.3] that every separable Banach space X admits a
strictly convex renorming ||| · ||| so that S(X,|||·|||) contains no 2-separated sequences. In fact,
one can even show that, for every ε ∈ (0, 1), every suchX admits a (1+ε)-equivalent strictly
convex norm for which the unit sphere contains no 2-separated sequences. To see this take
a dense sequence {fn}∞n=1 ⊂ BX such that ‖x‖ = sup{|fn(x)| : x ∈ X} for all x ∈ X.
Next, define for δ ∈ (0,√1 + ε− 1) a new norm on X by |||x|||2 = ‖x‖2 + δ∑∞n=1 2−nf 2n(x),
x ∈ X. Direct calculation shows that ||| · ||| is strictly convex and (1+ ε)-equivalent to ‖ · ‖.
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Using then the same reasoning as in [HKR, Remark 5.3] one shows that S(X,|||·|||) contains
no 2-separated sequences. In the opposite direction, one may naturally ask the question.
Question 5.1. Does every separable Banach space X has a (1 + ε)-equivalent norm ||| · |||
such S(X,|||·|||) contains a symmetrically 2-separated sequence?
Let us recall the symmetric Kottman constant introduced in [CP]:
Ks(X) := sup
{
σ > 0 : ∃(xn)∞n=1 ⊂ BX ∀n 6= k ‖xn ± xk‖ > σ
}
.
The answer for Question 5.1 is in general no. The main reason is thatKs(X) is a continuous
function on X, with respect to the Banach-Mazur distance (see the proof of Theorem
7 in [K]). Hence, if we pick X so that Ks(X) < 2 (e.g., ℓp for 1 < p < ∞) every
(1 + ε)-renorming, with ε small enough, will have symmetric Kottman constant less than
2. Therefore, Question 5.1 has positive answer for X exactly when Ks(X) = 2.
The problem of describing the class of Banach spaces X for which Ks(X) = 2 has
been considered by several authors. In [HKR] the authors showed that if X contains a
spreading model isomorphic to ℓ1 then K
s(X) = 2. The corresponding problem for c0
spreading models was left as an open problem [HKR, Problem 4.11]. It is not hard to show
that Ks(T ∗) = 2, where T ∗ is the original Tsirelson space (cf. [FJ] for basic definition and
properties of Tsirelson’s spaces). On the other hand, it is a well-known fact that every
spreading model of T ∗ is isomorphic to c0. These facts led us to believe that K
s(X) = 2
for every Banach space X that admit c0 as a spreading model. We observe, however, that
the assumption on a Banach space X to admit a spreading model isomorphic to c0 is not
sufficient to imply that Ks(X) = 2. We thank Professor Tommaso Russo for informing us
privately about this and many other of his recent achievements on the matter.
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